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HARNACK’S  INEQUALITY  FOR  COOPERATIVE 
WEAKLY  COUPLED  ELLIPTIC  SYSTEMS 


Aristotle  Arapostathis,  Mrinal  K.  Ghosh  and  Steven  I.  Marcus 


Abstract.  We  consider  cooperative,  uniformly  elliptic  systems,  with  bounded  coefficients  and  coupling 
in  the  zeroth-order  terms.  We  establish  two  analogues  of  Harnack’s  inequality  for  this  class  of  systems: 
A  weak  version  is  obtained  under  fairly  general  conditions,  while  imposing  an  irreducibility  condition 
on  the  coupling  coefficients  we  obtain  a  stronger  version  of  the  inequality.  This  irreducibility  condition 
is  also  necessary  for  the  existence  of  a  Harnack  constant  for  this  class  of  systems.  A  Harnack  inequality 
is  also  obtained  for  a  class  of  superharmonic  functions. 


1.  Introduction 


There  is  considerable  literature  on  the  Harnack  inequality  for  uniformly  elliptic  partial  differential 
equations  [2],  [3],  [5].  Harnack’s  inequality,  apart  from  being  interesting  on  its  own  right,  plays  a 
very  important  role  in  the  theory  of  partial  differential  equations.  For  example,  it  is  applied  to 
derive  the  interior  estimates  of  the  gradients  of  the  solutions.  Let  us  first  state  this  result  in  the 
simplest  situation.  Let  H  be  a  bounded  domain  in  Rd,  T  a  closed  subset  of  H  and  u  :  H  — >  K  a 
nonnegative  harmonic  function,  i.e.,  A u  =  0  in  11.  Then  there  exists  a  constant  C  which  depends 
only  on  d,  the  diameter  of  SI  and  the  distance  between  T  and  <9S2,  such  that 

u(x)  <  C u(y) ,  Vx,yer. 


The  Harnack  inequality  is  also  valid  for  both  weak  and  strong  solutions  of  second-order,  uniformly 
elliptic  operators  with  bounded  coefficients  [2] ,  [3] .  Extensions  to  unbounded  coefficients  have  also 
been  established  [9]. 

Consider  a  system  of  equations  in  u(x)  =  (ui(x), . . . ,  un(x ))  of  the  form 


(1.1) 


(Lu)k(x)  :=  Lkuk(x )  +  ^2  Ckj(x)uj(x )  =  0  ,  1  <k  <n, 


l=i 


where  n  is  a  positive  integer  and  each  Lk  is  a  second-order,  uniformly  elliptic  operator  given  by 


d 2 


d 


Lk-=Y1  aij ^  ^ :+ckk(x) 


(1.2) 

i,j= 1  J  i=l 

The  operator  L  is  called  cooperative,  if  the  coupling  coefficients  ckj  are  nonnegative  for  k  /  j. 


dxidxj 
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Definition  1.1.  We  denote  by  £(A,  d,  n)  the  class  of  all  cooperative  operators  L  of  the  form  (1.1)- 
(1.2),  with  coefficients  a-  G  C'0,1  (Kfi),  bk.  Ckj  G  bounded  in  L°°-norm  by  a  constant  A  >  1, 

and  satisfying  the  uniform  ellipticity  condition 

d 

A_i  HCII2  <  aij(x)CiG  -  AIKI|2,  for  all  x,(  G  Rd,  l<k<n. 

i,j= 1 

A  function  u  is  called  L-harmonic  in  a  domain  C  Rd  provided  u  is  a  strong  solution  of  Lu  =  0 
in  the  Sobolev  space  Mn),  for  some  p  G  [1,  oo). 

Systems  like  the  above  appear  in  the  study  of  jump  diffusion  processes  with  a  discrete  component 
[1] .  In  this  paper,  we  obtain  analogues  of  Harnack’s  inequality  for  L-harmonic  functions  of  operators 
in  the  class  £(A ,d,n).  We  use  the  technique  introduced  by  Krylov  for  estimating  the  oscillation 
of  a  harmonic  function  on  bounded  sets  [3].  The  main  results  are  given  in  Section  2.  Section  3  is 
devoted  to  proofs  and  auxiliary  results. 


2.  Main  Results 

Throughout  the  paper,  Ll  denotes  a  bounded  domain  in  Rd.  We  first  establish  a  weak  version  of 
Harnack’s  inequality,  under  general  conditions. 

Theorem  2.1.  Let  T  C  H  be  a  closed  set.  There  exists  a  constant  Ki  >  0,  depending  only  on  d,  n, 
the  diameter  of  fl,  the  distance  between  T  and  dLl  and  the  bound  A,  such  that  for  any  nonnegative 
L-harmonic  function  u  in  U,  with  L  G  £(A,  d,  n), 

(2.1)  sup-fuAx))  <  Ki  max  inf{ufe(x)|,  V  i  G  {1, . . . ,  n}  . 

xerl  1  i <k<n  ierl  1 

An  inequality  stronger  than  (2.1)  is  obtained  under  an  irreducibility  condition  on  the  coupling 
coefficients.  We  need  to  introduce  some  additional  notation. 

For  a  measurable  set  A  C  Rd,  \A\  denotes  the  Lebesgue  measure  of  A,  while  ||  •  \\p-a  denotes  the 
norm  of  LP(A),  1  <  p  <  oo.  Also,  for  icfi,  ||  •  ||fc,p;A  denotes  the  restriction  to  A  of  the  standard 
norm  of  Wk,p(Q).  These  norms  are  extended  to  vector  valued  functions  u  using  the  convention 

IMI  =  E*=i  IKII- 

Definition  2.1.  For  Ll  C  Rd  and  L  G  £(A,  d,  n),  let  Cx(fi)  G  MnXn  denote  the  matrix  defined  by 

[CL(n)]..  :=  ,  for  i^j,  i,j  G  {l,...,n}, 

with  diagonal  entries  equal  to  0.  Given  a  nonnegative  matrix  M  G  MnXn  and  a  pair  i ,  j  G  {1, . . . ,  n}, 
we  say  that  j  is  reachable  from  i,  provided  that  the  ij’th  element  of  (/  +  M)n  1  is  positive, 
and  denote  this  by  i  j.  Furthermore,  the  matrix  M  is  called  irreducible  if  i  j  for  all 


2 


i,j  E  {l,...,n};  otherwise,  it  is  called  reducible.  We  say  that  L  E  £(A ,  d,  n)  is  pn- irreducible  in 
17  if  there  exists  an  irreducible  matrix  S  E  RnXn,  with  elements  in  {0, 1}  and  pn  E  M  such  that 
PqCl{LI)  >  S  (here,  the  inequality  is  meant  elementwise).  The  class  of  all  /Jn-irreducible  operators 
whose  coefficients  off  have  a  uniform  Lipschitz  constant  7  is  denoted  by  £(A,  d,  n,  7,  pa). 

Theorem  2.2.  Let  T  C  L2  be  a  closed  set.  There  exists  a  positive  constant  K2  = 
K2(U,  T,  A,  d,  n,  7,  pa),  such  that  for  any  nonnegative  L-harmonic  function  u  in  17,  with  L  E 
£(A,  d,  n,7, /in), 

(2.2)  Ui(x)  <  K2Uj(y) ,  V  x,  y  E  L ,  i,j  E  {1, . . . ,  n}  . 

More  generally,  if  L  E  £(A ,d,n),  and  cq  denotes  the  smallest  positive  element  of  Cl(17),  then 

(2.3)  Ui(x)  <  K^ujiy) ,  V  x,y  €  T ,  if  j  i, 

where  K'2  =  K2(TL,  T,  A,  d,  n,  7, 

Remark  2.1.  Let  L  C  17  and  L  E  £(A,  d,  n)  be  given.  Then,  for  the  existence  of  a  constant  IL2  >  0, 
satisfying  (2.2)  for  all  nonnegative  L-harmonic  functions  u  in  17,  it  is  necessary  that  L  be  pn- 
irreducible  in  17.  Otherwise,  there  exists  a  nontrivial  partition  fT\,T2\  of  {!,...,  n}  such  that 
Cij  =  0  a.e.  in  17,  for  all  (i,j)  E  I\  x  I2;  therefore,  any  nonzero  L-harmonic  function  u,  satisfying 
Uk  =  0,  for  k  E  T\  ,  violates  (2.2). 

There  is  a  fair  amount  of  work  in  the  literature  on  maximum  principles  for  cooperative,  weakly- 
coupled  systems  [6],  [7].  In  [6],  it  is  assumed  that  the  coupling  coefficients  are  positive.  Note  that 
the  notion  of  irreducibility  in  Definition  2.1,  is  in  an  ‘average’  sense  only,  and  that  Cx(!7)  may 
be  irreducible  even  if  [cij(x)]  is  reducible  at  every  x  E  17.  We  state  the  following  version  of  the 
strong  maximum  principle,  which  follows  immediately  from  Theorem  2.2,  and  does  not  seem  to  be 
available  in  the  existing  literature. 

Corollary  2.1.  Let  L  E  £(A,d,  n)  be  such  that  Cl (17)  is  irreducible.  Then  any  nonnegative  L- 
harmonic  function  u  in  17  is  either  positive  in  17  or  identically  zero. 

It  is  well  known  that,  in  general,  there  is  no  Harnack  inequality  for  nonnegative  L-superharmonic 
functions,  i.e. ,  functions  u  satisfying  Lu  <  0  in  17,  for  an  elliptic  operator  L.  Serrin  [8]  has  utilized 
the  maximum  principle  to  provide  a  growth  estimate  for  functions  in  terms  of  the  Harnack  constant 
of  a  comparison  function  and  the  value  of  ULuHoo,  but  this  estimate  does  not  result  in  a  Harnack 
inequality.  Theorem  2.2  can  be  employed  to  provide  a  Harnack  constant  for  all  superharnronic 
functions  u  for  which  —  Lu  lies  in  a  convex  positive  cone  of  L°°.  We  introduce  the  following 
definition. 
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Definition  2.2.  For  a  measurable  set  A  C  Rd  having  finite,  nonzero  measure  and  for  a  constant 
9  >  1,  we  define  the  positive  convex  cone  1C(9,  A)  C  L°°(A ;  Mn)  by: 

KCM)  {'  e  ™“>  =  '  *  »•  ,S?„  a  ■ 

Suppose,  for  the  moment,  that  n  =  1  and  u  is  a  nonnegative  function  satisfying  Lxx  =  — /  in  R, 
with  L  G  £(A,  d,  1)  and  /  G  /C(d,  R).  We  form  the  cooperative  system 

Lv^  +  wSlV2  =  0 

Av2  =  0 . 


Clearly,  (vi,v2)  =  ( u,8 


is  a  nonnegative  solution  and  cq  >  1.  Therefore,  from  (2.3),  we 


deduce  Harnack’s  inequality  for  u  by  setting  A  =  max{A,d}  and  /xn  =  1  in  the  Harnack  constant 

k2. 

For  the  elliptic  system  in  (1.1)— (1.2),  this  procedure  leads  to  the  following: 

Corollary  2.2.  Let  T  C  R  be  a  closed  set  and  u  a  nonnegative  function  satisfying  —Lu  G  1C (9,  R). 
The  following  are  true: 

(i)  If  L  G  £(A,  d,  n,7),  then  (2.1)  holds,  with  a  Harnack  constant 

KiK2(Cl,  T,  max{A,  9},  d ,  2 n,  7, 1) . 

(ii)  If  L  G  £(A,  d,  n,  7,  /.x^),  t/xerx  (02.2)  holds,  with  a  constant 

Q 

K2(Tl,  T,  max{A,  — },d,  2n,  7,^x0) . 
hn 

3.  Proofs  of  the  Results 

If  u  G  VF^(R;Mn),  for  some  p  G  [l,oo),  is  a  solution  of  L-u  =  f  in  Q  and  f  G  L°°(R;Mn), 
then  ix  G  Wf^Cl^W1),  for  all  p  G  [l,oo).  This  fact  follows  from  the  interior  Lp  estimates 
for  second  derivatives  of  uniformly  elliptic  equations  and  the  well  known  Sobolev  inequalities. 
However,  the  natural  space  for  some  considerations  is  W2,d.  This  is  the  case,  for  example,  for 
the  Aleksandroff  estimate  (Lemma  3.2)  and  the  comparison  principle  [2]  which  states  that  if 
G  W^(Cl]  Mn)  P|  C0(n;  Rn)  satisfy  Lip  <  Ltp  in  Cl  and  ip  >  x/>  on  dCl ,  then  ip  >  xf  in 


Let  u  G  W2'(d.(Cl\  Mn)  be  a  nonnegative  solution  of  Lu  =  0  in  Cl,  with  L  G  £(A,  d,  n).  Augmenting 
the  dimension  of  the  domain,  let  I  C  R  be  a  bounded  open  interval  and  define  the  function 
v  :  Cl  x  I  — »  by  v(x,xa+i)  '■=  u(x)  ex.p(\fn\xd+i) ,  and  the  operator  L  G  £((n  +  l)A,d  +  l,rx) 
by 

~  d2 

Lk  :=  Lk  +  w— 7 5 - n\  +  Ckk  ■ 

®xd+ 1 
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Then  Lv  =  0,  and  any  Harnack  estimates  obtained  for  L-harmonic  functions  clearly  hold  for 
u.  Observe  that  the  coefficients  Ckj  of  the  operator  L  form  a  sub-stochastic  matrix,  i.e.,  they 
satisfy  Ylj=i  ^-k-j  <  0,  for  all  k  =  1, . . . ,  n.  Hence,  without  loss  of  generality,  we  restrict  the  proofs 
to  operators  in  £(A ,  d,  n)  and  £(A,  d,  n,  7,  /in)  whose  coupling  coefficients  form  a  sub-stochastic 
matrix,  and  denote  the  corresponding  classes  by  £o(A ,d,n)  and  £o(A,  d,  n,  7,  nn),  respectively. 

Let  Ala  (Al^)  denote  all  nonnegative  functions  u  E  Wffd{ii\  Mn)  f]  (70(H; Mn),  satisfying  Lu  =  0 
( Lu  <  0)  in  12,  for  some  L  E  £0(A,  d,  n).  If  £  E  M,  then  u  >  £  is  to  be  interpreted  as  Ui  >  £,  for 
all  i  E  {1, . . . ,  n},  and  if  £  =  (£1, . . . ,  £„)  E  Mn,  then  u  >  £  <*=>•  Ui  >  £*,  for  all  i  E  {1, . . . ,  n}. 
In  general,  all  scalar  operations  on  Mn-valued  functions  are  meant  to  be  componentwise.  For  more 
clarity,  we  denote  all  Revalued  quantities  by  a  bold  letter.  If  T  is  a  closed  subset  of  H,  1  E  11  and 
£  E  K”,  we  define 

^x(Ala,r;£)  :=  inf  {u(x)  :  u  >  £  on  F}  . 
ugiln 

Lastly,  deviating  from  the  usual  vector  space  notation,  if  D  is  a  cube  in  and  6  >  0,  5D  denotes 
the  cube  which  is  concentric  to  D  and  whose  edges  are  6  times  as  long. 

We  start  with  a  measure  theoretic  result,  announced  in  [4].  For  a  proof  see  [2]. 

Lemma  3.1.  Let  K  C  Md  be  a  cube ,  r  C  K  a  closed  subset  and  0  <  a  <  1.  Define 

Q  :=  {Q  :  Q  is  a  subcube  of  K  and  I^H-H  —  ^IQI} 

r  -.=  \J  (3Q  n  K) . 

QeQ 

Then  either  T  =  K,  or  IT’I  >  -\T\. 

Next  we  state  a  variant  of  the  weak  maximum  principle  of  A.  D.  Alexandroff.  This  particular 
form  of  the  estimate  is  derived  by  first  using  a  transformation  to  remove  the  first-order  terms  and 
then  dominating  the  Ld  norm  with  the  L°°  norm.  The  steps  of  the  proof  are  quite  standard  and 
are  therefore  omitted. 

Lemma  3.2.  There  exist  constants  C\  >  0  and  kq  E  (0, 1]  such  that  if  D  C  is  any  cube  of 
volume  \D\  <  kq  and  if  E  Wf^(D)  D  C°(D)  satisfies  Lkf  >  f  in  D  and  ip  =  0  on  3D,  with 
f  E  Ld{D )  and  L  E  £(A ,d,n),  then 

sup{</?(x)}  <  C'i|H|1/(i||/||d;D  . 

x£D 


For  the  remainder  of  this  section,  D  denotes  an  open  cube  in  M.d  of  volume  not  exceeding  the 
constant  kq  in  Lemma  3.2. 
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Lemma  3.3.  There  exist  constants  flo  >  0  and  a®  <  1  such  that,  if  T  is  a  closed  subset  of  some 
cube  D  C  satisfying  |.T|  >  ao\D\,  then 

inf  *x(xt o,r-,s)>PoZ,  vcgm;. 

x€l\D 


Proof.  Observe  that  if  u  £  iXD,  then  each  component  Uk  satisfies  LkUk  <  0  on  D.  Define  p' ,  p"  6 
Wtdc(D)f]C°(D)  by 

Tkp'  =  —Ir,  Lk-p"  =  —  Irc  ,  in  D 

and  ip'  =  ip"  =  0  ,  on  dD  . 

Then  <p  :=  p'  +  p"  satisfies  Lkp  =  —  1  in  D  and  p  =  0  on  dD.  Without  loss  of  generality,  suppose 
D  is  centered  at  the  origin  and  consider  the  function 

d 

if(x)  :=  Yl(\D\2/d  -4s?). 

i=  1 

Clearly,  if  =  0  on  and  >  0  in  D;  moreover,  there  exists  a  positive  constant  C2  such  that 
inf  {if{x)}  >  C2\D\2/d\\Lk'if\\00.D  ,  VIe£0(A,rf,n). 

xe±D 

Therefore,  by  the  comparison  principle, 

(3-1)  p(x)>  /y  >C2|D|^,  VxelD. 

||LfcV’||oo;D 

Using  Lemma  3.2,  we  obtain 


(3.2) 

By  (3.1)  and  (3.2), 


p'  <  C71|D|1/<‘|r|1/<*  =  Vrf 

<  C'1|D|1^|rc|1/<*  =  C'1|D|2/d^l  -  {£[) 


</(*)  >  C2|D|2'd  -  C'1|^|2/-(l  -  jg)  Vd,  V 


Vd 


•x  e  1.D . 


On  the  other  hand,  since  Lkp'  =  0  in  D  \  T  and  p'  =  0  on  dD,  the  comparison  principle  yields 

Vd 


(3.3)  inf  {uk(x)}  >  fk 

xe\D 

Selecting  ao  to  satisfy 
inequality  (3.3)  yields 


Ca-CMl-^ 


>1 

"°-1-(2Cr)  ’ 

inf  «fc(x)  > 
xeiD  2Ci 


Vd 


Hence,  the  claim  follows  with  =  Agf- .  □ 
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Lemma  3.4.  For  each  6  >  0,  there  exists  k's  >  0  such  that  if  Q  C  ( 1  —  5)D  is  a  subcube  of  an  open 
cube  D  C  Rd,  then 

\/xe3Qn(i-5)D, 

Proof.  Let  B{r)  C  denote  the  ball  of  radius  r  centered  at  the  origin.  We  claim  that  there  exists 
a  constant  mo  >  0  such  that  if  r  <  1,  then 


(3-4) 


inf  it 


B{r) 


5(i);£)  >m0£, 


V  £  G  M”  . 


In  order  to  establish  (3.4)  we  use  the  function 

tp(x)  :=  exp|l6A2(d  + 1)  (l  -  -^j-)  |  -  1,  x  G  B(r) , 

which  satisfies  Lkip(x)  >  0  for  all  L  G  £o(A,d,  n),  provided  ||x||  >  |  and  r  <  1.  By  the  comparison 
principle,  (3.4)  holds  with 

e7A2(d+l)  _  1 
1710  =  gl5A2  (d+l)  _  l  ■ 

It  follows  that  if  B(r)  is  centered  at  y,  and  x  is  a  point  in  D  such  that  the  distance  between  dD 
and  the  line  segment  joining  x  and  y  is  at  least  r,  then 


(3.5) 


>  (™o)*£>  with  l  = 


v  e  g  . 


If  we  define 

6 \fd 

min{l,(5} 

then  an  easy  calculation,  using  (3.5)  with  r  =  min{|,  f  IIQI1^,  establishes  the  result.  □ 

Lemma  3.5.  Suppose  there  exist  constants  e  and  8  such  that  if  T  C  (1  —  5)D  is  a  closed  subset  of 
some  cube  D  and  £  G  M" ,  then 


._  *(<5) 

Ks  ■—  mo  > 


m  := 


inf  >  e£,  whenever  \T\  >  9\D\ . 

Then  there  exists  a  constant  k$  >  0  such  that 

inf  \PX  (iif),  -T;  £)  >  eks£,,  whenever  \T\  >  ao8\D\ , 

where  «o  the  constant  in  Lemma  3.3. 

Proof.  Suppose  \r\  >  ao9\D\  and  let  y  G  r,  with  r  as  defined  in  Lemma  3.1  corresponding  to 
a  =  ao  and  K  =  (1  —  5)D.  Then  there  exists  a  subcube  Q  C  K  such  that  |TfjQ|  >  ao\Q\  and 
y  G  3Q  fj  K .  We  use  the  identities, 

(3.6)  Vx(un,r-.X)  >  inf 

a  r  ' 
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and 


(3.7)  *y(UD,r-,£)>*y(siB,lQ-,  inf  *z(l 

'  ZGgQ  ' 

>*y(u B,|Q;  ^^(il^rflQ;*)). 

By  Lemma  3.3, 


(3.8)  inf  >  Ai€, 

ze^Q 

while  from  Lemma  3.4,  we  obtain  (il^,  /3q£)  >  Pokg£,  for  all  y  €  3Q  H  7L  Hence,  combining 

(3.7)  and  (3.8),  we  obtain 


(3.9)  inf  %(il D,r;£)>ks£,  with  kg  :=  (30k's . 

yer 

By  Lemma  3.1,  |T|  >  ^|T|  >  6\D\.  Therefore,  by  hypothesis, 

inf  &x  (il“ ,  T ;  kgg)  >  ekg£  , 

xe|  D 

which  along  with  (3.6)  and  (3.9)  yield  the  desired  result.  □ 


Proposition  3.1.  The  following  estimates  hold: 

(i)  Let  D  be  a  cube  and  T  C  (1  —  6)D  a  closed  subset.  Then  for  all  £  € 


(3.10) 


inf 


\  p(<5) 


^(ilB,r;$)  >A,N£-J  I,  p(S):= 


log  ks 

log  o0  ’ 


n 
+  ’ 


where  the  constants  ao,  (3q  and  kg  are  as  in  Lemma  3.3  and  Lemma  3.5. 

(ii)  There  exists  a  real  function  F  defined  on  [0, 1],  with  F(0)  >0,  if  9  >  0  such  that  if  T  C  D 
is  a  closed  subset  of  a  cube  D,  then 


(3.11) 


inf  ^(it^,/^)  >Wj£[U, 


Proof.  Part  (i)  is  direct  consequence  of  Lemmas  3.3  and  3.5.  For  part  (ii),  choose  5  = 


4d|D| 


Then, 


(3.12) 

Since 


mi- <^1 

\D\ 


m  ■ 


'Z'x  (it ~D,r-  £)  >  L>,  (it- ,  r  n  (1  -  S)D;  *) , 


then  if  we  let 

F(0)  :=  A)(f  Y{ld) 


the  bound  in  (3.11)  follows  from  (3.10)  and  (3.12).  □ 
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Proposition  3.2.  If  D  is  a  cube,  u  £  iln  and  q  =  F(^),  with  F(-)  as  defined  in  Proposition  3.1 
(ii),  then 

osc(uk;  \D)  <  (l  —  max  sup{ttfc(x)}  ,  V  k  £  {1, . . . ,  n}  , 

1  <k<n  xeD 

where  osc (/;  A)  denotes  the  oscillation  of  a  function  f  over  a  set  A. 


Proof.  Let 


:=  sup  {uk(x)}  , 
xG \D 

mak\=  inf  {«fc(a;)}, 
xe\D 


Ma  :=  max  Mi 

1  <k<n 


ma  :=  min  mi 

1  <k<n 


and  Mb,  rnb  be  the  corresponding  bounds  relative  to  D.  Consider  the  sets 


r[k)  :=  {x  £  D  :  uk(x)  <  Mb+mb } 
r2(fc)  :=  {x  G  D  :  uk{x)  > 

Suppose  |r|A:) |  >  \\D\.  Since  Mb  —  u  is  nonnegative  and  Mb  —  uk  >  AI  in  r±k\  applying 
Proposition  3.1  (ii),  we  get 

TV/fb  _  777  ^ 

Mb-uk(x)>q - - - ,  Mx^\D. 

Consequently,  Mk  <  Mb  —  qM  ~m  and  since  ma  >  mb ,  we  obtain 
(3.13)  Mf  -  rna  <  Mb  -  mb  -  q^mfi  <  (i  _  i)Mb  . 

On  the  other  hand,  if  l-T^I  >  1|D|,  the  analogous  argument  relative  to  the  nonnegative  function 
u,  yields 


(3.14)  Ma  ~mak  <  (1  -  |)Afb, 

and  the  result  follows  by  (3.13)-(3.14).  □ 

Proposition  3.3.  There  exists  a  constant  M\  >  0  such  that,  for  any  u  £  ilo 


sup  infix) \  <  Mi  max  inf  \uk(x)\ ,  V  i  £  {1, . . . ,  n)  . 
xeiDl  1  l<fc<n*£lDl  J 


Proof.  Let  fio  be  as  in  Lemma  3.3  and  p{  )  and  q  as  in  (3.10)  and  Proposition  3.2,  respectively. 
Define 


(3.15) 


P  ■= 


1 

Mf) 


and 
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We  claim  that  the  value  of  the  constant  M\  may  be  chosen  as 


(3.16) 


Mi  :=  4f 

<?Po 


27n1/d 

2K-1) 


i  Vp 


We  argue  by  contradiction.  Suppose  u  violates  this  bound  and  let  . . . ,  }  denote  the 

points  in  where  the  minima  of  u  are  attained,  i.e. , 


inf  \uk(x)\  =  Uk{x^) ,  1  <  k  <  n  . 

g-D 

Without  loss  of  generality,  suppose  that  max  {uAx^) )  =  1  and  that  for  some  yo  &  \D  and 

l<fc<n  y 

ko  £  {l,...,n},  Uk0{yo)  =  M  >  aM\,  with  a  >  1.  Using  the  estimate  for  the  growth  of  the 
oscillation  of  u  in  Proposition  3.2,  we  then  show  that  u  has  to  be  unbounded  in  ^ D .  By  hypothesis, 
^  exceeds  Mi  in  (3.16)  and  in  order  to  facilitate  the  construction  which  follows  we  choose  to  express 
this  as 


(3.17) 


1 

9 


+  3n1/d 


4  a 

q/30M 


For  £  >  0,  define 


:=  {x  €E  \D  :  uk{x)  >  £}  ,  U(5)  :=  \J  V 


(0 

k 


1  <k<n 


If  1^  £  R™  stands  for  the  vector  whose  k- th  component  is  equal  to  1  and  the  others  0,  then 
(3.18)  u(XM)>WxW{ iXD,V^^lk),  VfcG 


while,  on  the  other  hand,  Proposition  3.1  yields, 


(3.19)  ^xW{iXD,V^^lk)>Po 


W 


(Oi 


p(§) 


D 


£lfc,  V/cG  {l,...,n}. 


By  (3.18)~(3.19)  and  using  (3.15),  we  obtain  the  estimate 

'u^x^y  pd 


(3.20) 


iu(p<  r°i<  E 


l<k<n 


1  <k<n 


£/?o 


for  all  £  >  0.  Choosing  £  =  2^,  we  have  by  (3.20) 

{.x  €  :  max  {ufc(x)}  >  pf} 


4 

^'Si)  |D| 
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Hence,  if  Qq  is  a  cube  of  volume  |Qo|  =  n(g^aM)pd|Z)|  centered  at  yo,  then 
(3.21)  osc(uko;Q0)  >  (l  -  \)M  . 

By  Proposition  3.2  and  (3.21),  there  exists  y A)  £  3Qo  and  k\  £  {1, . . .  ,n}  such  that 

«fci(i/(1))  >  ||  _  |yAf  =  ^oAf  . 

Note  that  (3.17)  implies  that  3Qo  C  |.D.  This  allows  us  to  repeat  the  argument  above,  this  time 
choosing  £  =  in  (3.20)  and  a  cube  Qi  of  volume  n.(gog^aoM)pd |-D|  centered  at  yA),  to  conclude 

that  there  exists  y(2i  £  3Qi  and  £  {l,...,n}  such  that  uk2{y >  (/o  Af .  Inductively,  we 
construct  a  sequence  {yW,  A;*,  satisfying,  for  all  i  =  0, 1, . . . , 

2/(0)  =  yo  £  n  Qo ,  y(i)  £  Qi  f|  3Qi_i. , 

(3-22)  l^lVd  =  ^Vd(i)tP(OT)P|I?|1/d’ 

Ukz(yM)  >  ql0M . 

The  inequality  in  (3.17)  guarantees  that  yW  £  for  all  Hence,  (3.22)  implies  that  u  is 
unbounded  in  and  we  reach  a  contradiction.  □ 

Theorem  2.1  now  follows  via  the  standard  technique  of  selecting  an  appropriate  cover  of  T 
consisting  of  congruent  cubes  and  applying  the  estimates  in  Proposition  3.1  and  Proposition  3.3. 
We  next  proceed  to  prove  Theorem  2.2.  We  need  the  following  lemma. 

Lemma  3.6.  Let  D  C  Rd  be  a  cube,  L  £  £0(\,d,  l,q)  and  f  £  K(6,D).  There  exists  a  constant 
C'  =  C'(\D\,  A,  d,  7,  9)  >  0  such  that  if  ip  is  a  solution  to  the  Dirichlet  problem  Lip  =  —f  on  D, 
with  (p  =  0  on  dD,  then 

inf  {(f(x)}  >  C'W/W^-d. 

Proof.  First  note  that  the  Dirichlet  problem  as  defined  has  a  unique  strong  solution  ip  £ 
W%{D)r\C°(D),  for  all  p  £  [d,  oo).  Then,  arguing  by  contradiction,  suppose  there  exists  a 
sequence  of  operators  C  £o(A,  d,  1, 7),  with  coefficients  { b[m\  } ,  and  a  se¬ 
quence  of  functions  C  K(6,D),  with  ||/(-m') ||oo;d  =  1,  such  that  the  corresponding 

solutions  satisfy 

inf  {<p{m\x)}  <  ,  m=  1,2,.... 

rrP 

By  Proposition  3.1, 


ll 


with  p  as  defined  in  (3.15).  Since  the  sequence  is  bounded  in  L°°{D )  (by  Lemma  3.2),  it 
follows  from  (3.23)  that  — >  0  in  LP(D),  as  m  — >  oo,  for  all  p  £  [l,oo).  For  any  subcube 

D’  =  5D,  with  5  <  1,  and  p  £  [l,oo),  we  use  the  well  known  estimate 

Mm)||2,p;D'  <  C"{\\ip^\\v,D  +  ||/(m)||P;c)  , 


for  some  constant  C"  =  C"(\D\,p,  6,  A,  d,  7),  to  conclude  that  the  first  and  second  derivatives  of 
^,(m)  converge  weakly  to  0  in  LP(D '),  for  all  p  £  [l,oo).  In  turn,  since  Wq’p(D')  W/01’P(D/)  is 

o  (m) 

compact  for  p  >  d,  using  the  standard  approximation  argument  we  deduce  that  fjx.  converges 
in  LP(D')  strongly,  for  all  i  =  1, . . .  ,d.  Also,  since  the  sequence  {a^}  is  uniformly  Lipschitz,  we 
can  extract  a  subsequence  which  converges  uniformly.  The  previous  arguments  combined  imply 
that  converges  weakly  to  0  in  LP(D'),  p  £  [l,oo).  On  the  other  hand,  if  we  choose 

5  >  (l  —  /d,  an  easy  calculation  yields, 

f{m\x)dx  >  m=  1,2,..., 

resulting  in  a  contradiction.  □ 


Proof  of  Theorem  2.2.  Let  L  £  £o(A,  d,  n,  7,  pa)  and  S  =  [sjj]  as  in  Definition  2.1.  Select  a 

collection  {Dp,  £  =  1,...,£0}  of  disjoint,  congruent  open  cubes,  whose  closures  form  a  cover  of 

__  to  _ 

r.  in  such  a  manner  that  3 Dp  C  D,  1  <  £  <  £q,  and  T>  :=  |^J  Dp  is  a  connected  set  satisfying 

t= 1 

\V\  <  ^1  —  2aFf)  M-  ^  follows  that  2p^Cl(T>)  >  S.  Therefore,  for  each  pair  i,j  £  {l,...,n}, 
i  /  j,  there  exists  £(i,j )  £  {1, . . .  ,£q}  such  that 


(3.24) 


00  :D 


Define  a  collection  C  by 


Lppij  =  - Cij  in  ,  and  =0  on  . 


Then,  by  Lemma  3.6  and  (3.24),  there  exists  a  constant  C'  >  0,  such  that 
(3-25)  >  ^si:j ,  V  x  £  §  ,  i  /  j  . 

By  the  comparison  principle, 


(3.26)  Ui(x)  >  ^(x)  inf  {uj(z)}  ,  Vs£  ,  i^j. 

z€De(i,j) 

By  Proposition  3.1,  (3.25)  and  (3.26), 

(3.27)  Ui(y)>F(^)  inf  {• Ui(x )} 

x ^  3 

>  e'F(^r)sij-  inf  {^(z)}  ,  V  y  £  ,  i  ^  j  . 
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Moreover,  provided  3 D  Dk >,  1  <  k,  k'  <  i o,  Proposition  3.1  also  asserts  that 

from  which  we  deduce  that 

(3.28)  inf  {u(x)}  >  (f(^)')  inf{u(a;)},  V  k,  i  £  {1, . . . ,  4}  • 

Therefore,  by  (3.27)  and  (3.28),  for  all  i  /  j, 


(  \  ^0 

inf  -Ui(x)}  >  (F(4)  inf  {ui(y)\ 
xeT>1  1  V  V  J 


A 


*(»,!) 


/  /  \  2f0 


GO 

and  in  turn,  the  irreducibility  of  S  implies  that,  for  all  i.  j  £  {1, . . .  ,n}, 

n—  1 


(3.29) 


inf  {u,;(x')}  >  (^i?(g^)(i?(^)) 


2^o 


w  {«iW}  • 


The  result  follows  by  combining  (3.29)  and  the  estimate  in  Theorem  2.1  relative  to  the  closed  set 

Pen.  □ 
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